Helicity-dependent extension of the McLerran-Venugopalan model by Cougoulic, Florian & Kovchegov, Yuri V.
ar
X
iv
:2
00
5.
14
68
8v
1 
 [h
ep
-p
h]
  2
9 M
ay
 20
20
Helicity-dependent extension of the McLerran–Venugopalan model
Florian Cougoulic∗ and Yuri V. Kovchegov†
Department of Physics, The Ohio State University, Columbus, OH 43210, USA
We construct a generalization of the McLerran–Venugopalan (MV) model including helicity effects
for a longitudinally polarized target (a proton or a large nucleus). The extended MV model can
serve as the initial condition for the helicity generalization of the JIMWLK evolution equation
constructed in our previous paper, as well as for calculation of helicity-dependent observables in the
quasi-classical approximation to QCD.
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I. INTRODUCTION
There is a growing interest among the high-energy
QCD community in understanding the sub-eikonal effects
and incorporating them into the existing small Bjorken-x
formalisms [1–17]. Among other things, inclusion of sub-
eikonal corrections allows one to access spin dependence
∗ Email: cougoulic.1@osu.edu
† Email: kovchegov.1@osu.edu
of related observables: while in the strict eikonal approx-
imation all the observables are spin-independent, inclu-
sion of at least one sub-eikonal interaction vertex allows
one to calculate spin-dependent observables. (Depending
on the observable, a sub-eikonal vertex may bring sup-
pression by a power of x ≪ 1 or may produce a milder
suppression by a logarithm of x, that is, by 1/ ln(1/x),
see e.g. [8, 18, 19].)
Helicity distribution functions for quarks and gluons in
a longitudinally polarized proton along with the orbital
angular momentum (OAM) of the proton carried by its
quarks and gluons are among the more important and
interesting spin-dependent observables. These quantities
are essential for our understanding of the proton struc-
ture. At the same time, our lack of understanding of the
proton spin is manifested by the proton spin puzzle (see
[20] and references therein): while the helicity sum rules
[21–23] demand that the quark and gluon helicities and
OAM should add up to 1/2, the extraction of the parton
helicities from the experimental measurements have not
yet achieved this number. In addition, little is known
experimentally about the parton OAMs. One possible
resolution of the proton spin puzzle is that the missing
proton spin is carried by the small-x quarks and gluons.
Since any given experiment can only probe the values of
x down to some small number xmin, there always remains
a possibility that quarks and gluons with x < xmin may
carry a significant amount of the proton spin undetected
by any given (current or future) experiment. It appears
that addressing this issue requires progress in our theo-
retical understanding of helicity and OAM distributions
at small x.
An effort to improve our theoretical understanding of
small-x helicity and OAM distributions has recently been
made in a series of papers [9, 14, 24–29]. The aim of
those works was to construct the small-x asymptotics
of the quark [9, 24–26, 28, 29] and gluon [27] helicity
distributions and OAM [14] in perturbative QCD (work-
ing at small x but outside of the saturation region). At
small x the quark and gluon helicity parton distribution
functions (helicity PDFs or hPDFs) can be expressed in
terms of the object dubbed the “polarized dipole scat-
tering amplitude”. The latter is an expectation value in
the longitudinally polarized target state of a normalized
trace of a light-cone Wilson line and a “polarized Wilson
line”, which is a linear superposition of light-cone Wilson
lines with one and two insertions of sub-eikonal operators
2depending on helicity [27, 28] (one gluon field operator
and two quark field operators). Small-x evolution equa-
tions resumming all powers of αs ln
2(1/x) for the po-
larized dipole amplitude, that the quark hPDF depends
on, were written down in [9]. Closed equations were ob-
tained in the large-Nc and large-Nc&Nf limits, with Nc
the number of quark colors and Nf the number of flavors.
(Compare this with the Balitsky–Kovchegov (BK) equa-
tion [30–33] which is a closed equation for the unpolarized
scattering derived in the large-Nc limit.) The large-Nc
equations were solved in [25, 26]. Similar program was
carried out for the gluon hPDF in [27]. The large-Nc&Nf
equations have been recently solved numerically in [34].
To go beyond the large-Nc and large-Nc&Nf limits,
and to automate the way of evolving different correlators
made of the standard and “polarized” Wilson lines, a he-
licity generalization of Jalilian-Marian–Iancu–McLerran–
Weigert–Leonidov–Kovner (JIMWLK) [35–40] evolution
was constructed in our previous paper on the subject
[29] for the flavor-singlet channel. Similar to the original
JIMWLK equation, the helicity-JIMWLK (hJIMWLK)
equation derived in [29] is a functional integro-differential
equation for the weight functional W [α, β, ψ, ψ¯]. One
of the differences between JIMWLK and hJIMWLK is
that in the former the weight functional only depends
on the eikonal gluon field α(x) ≡ A+(x), while the
weight functional in the latter also depends on the sub-
eikonal gluon field strength [β(x) ≡ F12(x)] and quark
fields (ψ, ψ¯) of the target. (Our light-cone coordinates
are defined as x± = (x0 ± x3)/√2, while Latin indices
i, j = 1, 2 denote the components of the transverse vec-
tors x = (x1, x2) with x⊥ = |x|. Our projectile proton is
moving in the light-cone plus direction, and the deriva-
tion of hJIMWLK in [29] was carried out in the ∂µA
µ = 0
and A− = 0 gauges.)
The hJIMWLK equation reads [29]
Wτ [α, β, ψ, ψ¯] = W(0)[α, β, ψ, ψ¯] (1)
+
∫
d3τ ′ Kh[τ, τ ′] · Wτ ′ [α, β, ψ, ψ¯],
with its integral kernel Kh[τ, τ ′] given explicitly in
Eq. (57) of [29]. Another important distinction between
JIMWLK and hJIMWLK is that the evolution of the
weight functional in the latter is not just in Bjorken x, or,
equivalently, rapidity Y = ln(1/x). In fact, the evolution
equation (1) involves the following aggregated variables:
τ ≡ {z, z X2⊥, z Y 2⊥}, τ ′ ≡ {z′, z′X ′2⊥ , z′ Y ′2⊥ }. (2)
Here z or z′ is the longitudinal momentum fraction of
the projectile (probe) minus light-cone momentum car-
ried by the partons in question [9, 24–26, 28, 29]. The
lifetimes of the partons in the x− direction are propor-
tional to z X2⊥ and z Y
2
⊥ to the left and right of the tar-
get proton respectively, with X⊥ and Y⊥ the relevant
transverse distances [29]. The integration measure in
Eq. (1) is d3τ ′ ≡ dz′z′ d2X ′⊥d2Y ′⊥. The evolution in τ
(instead of rapidity Y ∼ ln z) results in the leading-
order (LO) hJIMWLK evolution (1) resumming powers
of αs ln
2(1/x) instead of powers of αs ln(1/x) summed
up by the standard LO JIMWLK evolution. While the
small-x helicity distributions are suppressed by a power
of x compared to the unpolarized PDFs, their small-x
evolution sums powers of a larger parameter αs ln
2(1/x)
at the leading order [9, 24–28, 41, 42] (see also [43–49]
for details on how this resummation parameter arises for
other observables).
While the kernel of hJIMWLK equation (1) was de-
rived in [29], the inhomogeneous term (the initial con-
dition) W(0) was not found explicitly in that paper.
The goal of the present paper is to construct the func-
tional W(0), which is needed for finding the solution
of the flavor-singlet hJIMWLK equation. In the case
of the standard JIMWLK evolution, the initial condi-
tion is given by the weight functional of the McLerran–
Venugopalan (MV) model [50–52], which is Gaussian in
the field α [53].
Below we construct the functional W(0) as a function
of α, β, ψ, ψ¯. The paper is structured as follows. In Sec-
tion II we rederive the Gaussian functional of the MV
model and in the process set up the formalism for the
calculation to follow. In Sec. III we introduce the nec-
essary sub-eikonal tools and generalize the MV model
weight functional to include helicity dependence. The fi-
nal result for W(0) is given in Eq. (105), providing the
inhomogeneous term for Eq. (1). We explicitly verify that
it satisfies all the conditions assumed about it in [29].
II. NOTATIONS AND THE
MCLERRAN–VENUGOPALAN MODEL
A. Nuclear states and averaging procedure
To begin, let us set up our formalism by reproducing
the original McLerran–Venugopalan (MV) model [50–52].
To do so, let us replace the target proton by a large nu-
cleus with the atomic number A ≫ 1. The nucleus is
moving ultrarelativistically along the light-cone plus di-
rection. It contains A different nucleons which are inde-
pendent from each other. The main premise of the MV
model is that the small-x gluon field of this large nu-
cleus is given by the solution of the classical Yang-Mills
equations, with the source current given by the larger-x
“valence” quarks and gluons in the nucleons of the nu-
cleus (see [54–59] for pedagogical presentations of the MV
model). These large-x “valence” quarks and gluons in the
nucleons are assumed to be recoilless classical sources of
the gluon field. The observables in the MV model are ex-
pectation values of operators dependent on this classical
gluon field or on the color charge density of the source.
Let us denote the state of the ith nucleon by |p
i
, p+i 〉
normalized as
〈p+, p|p′, p′+〉 = 2p+(2π)3δ2(p− p′)δ(p+ − p′+). (3)
3Employing unit operators
1 =
A∏
i=1
∫
d2pi dp
+
i
(2π)3 2p+
|p
i
, p+i 〉 〈p+i , pi| (4)
the expectation value of an operator Oˆ in the nuclear
state |A〉 can be written as [6, 60, 61],
〈A|Oˆ|A〉 =
∫ A∏
i=1
d2Pi dP
+
i
(2π)3
d2Bi dB
−
i (5)
×W (P1, . . . , PA;B1, . . . , BA)O(P1, . . . , PA;B1, . . . , BA) ,
in terms of the nucleon Wigner distribution
W (P1, . . . , PA;B1, . . . , BA) (6)
=
∫ A∏
i=1
d2(pi − p′i) d(p+i − p′+i )
(2π)3
2P+i
2p+i 2p
′+
i
× e−i(p+i −p′+i )B−i +i(pi−p′i)·Bi
A∏
j=1
〈p+j , pj |A〉
A∏
k=1
〈A|p′
k
, p′+k 〉
with Pi = (pi+p
′
i)/2 and the operator’s expectation value
in the nucleon states
O (P1, . . . , PA;B1, . . . , BA)=
∫ A∏
i=1
d2(pi − p′i)d(p+i − p′+i )
(2π)3 2P+i
× ei(p+i −p′+i )B−i −i(pi−p′i)·Bi
A∏
j=1
〈p′+j , p′j |Oˆ
A∏
k=1
|p
k
, p+k 〉. (7)
Here Bi = (B
−
i , Bi) specify the trajectories of the (cen-
ters of the) nucleons. In a large nucleus with many nu-
cleons, A ≫ 1, the nucleons can be assumed to be inde-
pendent from each other at the leading order in A. This
leads to the factorization of the Wigner distribution into
a product of individual nucleon’s Wigner distributions,
W (P1, . . . , PA;B1, . . . , BA) =
1
A!
(8)
× [W (P1, B1) . . .W (PA, BA) + permutations] ,
where by ‘permutations’ we mean different pairings of Pi
and Bj in the arguments of the Wigner functions. In the
MV model, neglecting the possible orbital motion of the
nucleons in the nucleus [6], the classical nucleon Wigner
distribution is approximated by
Wcl (p, b) =
1
A
ρA(b
−, b) (2π)3 δ
(
p+ − P
+
A
)
δ2(p) (9)
where ρA(b
−, b) is the nucleon number density normal-
ized such that ∫
d2b db− ρA(b
−, b) = A (10)
and P+ is the light-cone momentum of the entire nucleus.
Note that our Wigner distribution is normalized as
∫ A∏
i=1
d2Pi dP
+
i
(2π)3
d2Bi dB
−
i W (P1, . . . , PA;B1, . . . , BA)
= 〈A|A〉 = 1. (11)
Substituting Eqs. (8) and (9) into Eq. (5) we arrive at
〈A|Oˆ|A〉 =
[∫ A∏
i=1
d2Bi dB
−
i
1
A
ρA(B
−
i , Bi)
]
(12)
×O (B1, . . . , BA) .
Here we have suppressed the dependence on nucleons mo-
menta in O (B1, . . . , BA), since the momentum of the nu-
cleus is equally distributed among all the nucleons (see
Eq. (9)) resulting in each nucleon carrying the same mo-
mentum Pi = (P
+/A, 0). Defining ∆i = p
′
i − pi we can
use this equal-momentum distribution to write (cf. Ap-
pendix A of [14])
O (B1, . . . , BA)=
∫ A∏
i=1
d2∆id∆
+
i
(2π)3 2(P+/A)
e−i∆
+
i B
−
i +i∆i·Bi
(13)
×
A∏
j=1
〈
P+
A
+ 12∆
+
j ,
1
2∆j
∣∣∣∣ Oˆ
A∏
k=1
∣∣∣∣− 12∆k, P+A − 12∆+k
〉
.
The expression (12) implies that averaging in the nu-
clear state in the MV model is done by averaging over
the positions of the nucleons in the nucleus, in agreement
with the standard procedure [53, 59, 62, 63]. The aver-
aging in each nucleon’s state is done assuming that the
large-x “valence” quarks and gluons serve as sources for
the classical gluon field: hence, the averaging is done over
such “classical” partonic sources [50–53, 59, 62–64]. One
ends up with the “doubling” for formula (12):
〈A|Oˆ|A〉 =
[∫ A∏
i=1
d2Bi dB
−
i
1
A
ρA(B
−
i , Bi)
]
(14)
×
[∫ Ni∏
j=1
d2bij db
−
ij
1
Ni
ρNi(b
−
ij −B−i , bij −Bi)
]
× O (b11, . . . , bA,NA) .
Here we assume that the ith nucleons has Ni “valence”
(large-x) partons at positions bi1, . . . , biNi , which are dis-
tributed inside the nucleon with the number density ρNi
normalized similar to (10),∫
d2b db− ρNi(b
−, b) = Ni. (15)
We will also assume that the typical distance between
the partons in a nucleon (in the nuclear rest frame) is
of the order of the size of the nucleon, rp ∼ 1/ΛQCD
4with ΛQCD the non-perturbative QCD scale [53]: this
means that the large-x parton density in the nucleon is
not very high. The operator average O (b11, . . . , bA,NA)
is calculated similar to Eq. (13), but now with the parton
states instead of the nucleon ones:
O (b11, . . . , bA,NA)=
∫ A∏
i=1
Ni∏
j=1
d2∆ijd∆
+
ij
(2π)3 2P+ij
e−i∆
+
ij b
−
ij+i∆ij ·bij
×
A∏
i′=1
Ni′∏
j′=1
〈
P+i′j′ +
1
2∆
+
i′j′ ,
1
2∆i′j′
∣∣∣ Oˆ
×
A∏
i′′=1
Ni′′∏
j′′=1
∣∣∣− 12∆i′′j′′ , P+i′′j′′ − 12∆+i′′j′′〉 , (16)
where P+ij denotes the momentum of the parton j in nu-
cleon i. Note that expectation value in a nucleon state
implies averaging over parton colors and polarizations,
which are not shown explicitly in Eq. (16).
B. Charge density
The 3-dimensional color charge density ρa in covariant
(Feynman) ∂µA
µ = 0 gauge is usually defined for a given
configuration of nucleons and partons in the nucleus as
[53, 62]
ρacov(x
−, x) = g
A∑
i=1
Ni∑
j=1
taRij δ
2(x− bij) δ(x− − b−ij) (17)
where taRij is the color generator associated to the parton
j in the nucleon i in an irreducible representation (irrep)
Rij and g is the strong coupling. This expression for
the density can be obtained from Eq. (16). Since we
need to construct similar densities for the sub-eikonal
helicity case below, let us first explicitly demonstrate how
Eq. (17) results from Eq. (16) and which operator has to
be used in the latter to obtain the color charge density.
We begin with the free field operators, which in the
light-front perturbation theory are written in terms of
the creation and annihilation operators as [65, 66]
ψi0(x) =
∫
p,σ
[
bˆip,σ uσ(p)e
−ip·x + dˆi †p,σ vσ(p)e
ip·x
]
, (18a)
ψ¯i0(x) =
∫
p,σ
[
bˆi †p,σ u¯σ(p)e
ip·x + dˆip,σ v¯σ(p)e
−ip·x
]
, (18b)
Aa,µ0 (x) =
∫
p,λ
[
aˆap,λ ǫ
µ
λ(p)e
−ip·x + aˆa †p,λ ǫ
∗µ
λ (p)e
ip·x
]
, (18c)
for the quark and gluon fields. Here i and a are the
fundamental and adjoint color indices, while the quark
flavor indices are suppressed. All the fields are taken at
x+ = 0 with p · x = p+x− − p · x. We have defined the
following shorthand notation:∫
p,σ
≡
∫
dp+d2p⊥
(2π)3 2p+
∑
σ=±
. (19)
The creation and annihilation operators are normalized
such that
[aˆap,λ, aˆ
b †
p′,λ′ ] = 2p
+ (2π)3 δ(p+ − p′+)δ2(p− p′) δab δλλ′ ,
(20)
with the same expressions for the anti-commutators of
the quark and anti-quark creation and annihilation op-
erators.
The source current in the MV model is given by the
large-x partons. The source quarks lead to the current
jaµq = gψ¯0γ
µ ta ψ0, (21)
with ta = taF the fundamental generators of SU(Nc).
To find the gluon source for the small-x gluon field, let
us consider the decomposition of the gauge field into
Aµ = Aµ0 + a
µ, (22)
with Aµ0 the plane wave of the order-g
0 in the cou-
pling due to the incoming or outgoing large-x gluons in
the nucleons, and aµ the order-g smaller-x gluon field
sourced by the large-x gluons. In Feynman gauge we have
∂µA
µ = ∂µA
µ
0 = ∂µa
µ = 0. Starting from the Yang-Mills
equations of motion (taken, for simplicity, without quark
sources)
DµFµν = 0 (23)
and substituting Eq. (22) in it we obtain, at O(g0),
Aa,µ0 = 0 (24)
with  the d’Alembert operator, while at O(g) we arrive
at
aa,µ = −gfabcAb0,νF c,νµ0 − gfabc∂ν
(
Ab,ν0 A
c,µ
0
)
, (25)
with fabc the SU(Nc) structure constants. Equation (24)
is satisfied by the plane-wave field Aµ0 of the large-x on-
shell gluons. Acting with ∂µ on the O(g) field-strength
tensor for small-x gluons, fa,µν = ∂µaa,ν − ∂νaa,µ +
gfabcAb,µ0 A
c,ν
0 , and employing Eq. (25), we obtain
∂µf
a,µν = −gfabc [Ab0,µ∂µAc,ν0 −Ab0,µ∂νAc,µ0 ] = ja,νg .
(26)
As we will see below, on the right-hand side of Eq. (26)
one can identify the first term as the current sourcing
the sub-eikonal helicity-dependent field β = f12 (for
ν =⊥, to be analyzed later in more detail) and the second
term as the usual current sourcing the eikonal helicity-
independent field α = a+ (for ν = +). Both currents
5generating the gluon fields α and β consist of the large-x
gluons inside the target nucleons.
In the eikonal approximation, for an x+-direction mov-
ing nucleus, only µ = + component contributes in both
the quark and gluon currents. The 3D color charge den-
sity operator is
ρˆacov(x) = j
a+(x) ≡ ja+q (x) + ja+g (x). (27)
Next we substitute the current (21) into Eq. (16) and
employ Eqs. (18a) and (18b). We do not average over the
quark colors and polarizations. In the eikonal approxi-
mation we also assume that P+ij ≫ ∆+ij . Suppressing the
quark helicities, we obtain (keeping contributions corre-
sponding to connected diagrams only)
∫
d2∆ijd∆
+
ij
(2π)3 2P+ij
e−i∆
+
ij b
−
ij+i∆ij ·bij
× 〈P+ij + 12∆+ij , 12∆ij∣∣ ja+q (x) ∣∣− 12∆ij , P+ij − 12∆+ij〉
= ±g ta δ(x− − b−ij) δ2(x− bij) (28)
for the quark and anti-quark states (the former con-
tribute with the plus sign, while the latter with the minus
sign). This is in complete agreement with Eq. (17) if we
denote ta
F¯
= −taTF .
Similar procedure for the gluon current (26) yields,
now with the gluon Fock states,
∫
d2∆ijd∆
+
ij
(2π)3 2P+ij
e−i∆
+
ij b
−
ij+i∆ij ·bij
× 〈P+ij + 12∆+ij , 12∆ij∣∣ ja+g (x) ∣∣− 12∆ij , P+ij − 12∆+ij〉
= g T a δ(x− − b−ij) δ2(x− bij) (29)
for each large-x gluon state contributing to ρa, with
T a the adjoint generators of SU(Nc), again in complete
agreement with Eq. (17). We see that the currents (21)
and (26) indeed lead to Eq. (17) for the 3D color charge
density.
The above calculations can be streamlined if we work
entirely in the coordinate space. To that end, define
|x, x−〉 ≡ bˆ†x|0〉 (30)
with
bˆ†x =
∫
d2p dp+
(2π)3
√
2p+
e−ip
+x−+ip·x bˆ†p, (31)
such that
〈x−, x|y, y−〉 = δ(x− − y−) δ2(x − y). (32)
Note that the position eigenstate |x, x−〉 is not boost-
invariant unlike, say, the momentum eigenstate |p, p+〉.
However, the state definition (30) is convenient for our
purposes.
With the help of Eq. (30) we rewrite Eq. (16) as
O (b11, . . . , bA,NA) =
∫ A∏
i=1
Ni∏
j=1
d2rij dr
−
ij e
iP+ij r
−
ij
×
A∏
i′=1
Ni′∏
j′=1
〈
b−i′j′ +
1
2r
−
i′j′ , bi′j′ +
1
2ri′j′
∣∣∣ Oˆ
×
A∏
i′′=1
Ni′′∏
j′′=1
∣∣∣bi′′j′′ − 12ri′′j′′ , b−i′′j′′ − 12r−i′′j′′〉 , (33)
now completely in coordinate space. In arriving at
Eq. (33) we have assumed that P+ij ≫ ∆+ij . This is al-
lowed since the typical ∆+ij ≈ 1/b−ij with b−ij spanning the
full extend of the nucleus: hence P+ij ≫ ∆+ij for A ≫ 1
and despite the Lorentz-contraction of the nucleus in the
light cone minus direction.
Assuming that the momenta of large-x partons’ oper-
ators (18) contributing to the source currents all have
approximately the same large “plus” component p+, we
can re-write the eikonal contributions to the currents (21)
and (26) as
ja, µq,eik(x
−, x) = δµ+ g
∑
σ=±
[
bˆi †x,σ(t
a)ij bˆ
j
x,σ − dˆi †x,σ(ta)jidˆjx,σ
]
,
(34a)
ja, µg,eik(x
−, x) = δµ+ g
∑
λ=±
aˆb, †x,λ (T
a)bc aˆ
c
x,λ, (34b)
where dˆx,σ and aˆx,λ are defined by analogy to Eq. (31).
Both currents are at x+ = 0. In writing the currents (34)
we have neglected the contributions which would lead
to disconnected diagrams when the currents are used in
Eq. (33).
Let us define a combined eikonal source current by
jaµeik (x
−, x) = δµ+ g
∑
σ=±
r={q,q¯,g}
aˆ
†
r,x,σ · tar · aˆr,x,σ, (35)
where
aˆr,x,σ =


bˆx,σ for r = q
dˆx,σ for r = q¯
aˆx,σ for r = g
(36)
satisfy the equal light-cone-time commutation relation
(see Eq. (31))
[
aˆr,y,σ′ , aˆ
†
r,x,σ
]
r
= δσσ′ δ(x
− − y−) δ2(x− y), (37)
with [ , ]r being the commutator or anti-commutator
depending on the irrep r.
Substituting the current from Eq. (35) as the operator
6into Eq. (33) we obtain
ρacov(x
−, x) =
∫ A∏
i=1
Ni∏
j=1
d2rij dr
−
ij e
iP+ij r
−
ij
×
A∏
i′=1
Ni′∏
j′=1
〈
b−i′j′ +
1
2r
−
i′j′ , bi′j′ +
1
2ri′j′
∣∣∣ jaµeik (x−, x)
×
A∏
i′′=1
Ni′′∏
j′′=1
∣∣∣bi′′j′′ − 12ri′′j′′ , b−i′′j′′ − 12r−i′′j′′〉 (38)
which results in ρacov given by Eq. (17). As before, the
matrix element in Eq. (38) is non-diagonal in color space,
so no color trace is implied.
Anticipating the helicity-dependent case, it will be use-
ful to define a fixed-helicity color current
jaσ(x) = g
∑
r={q,q¯,g}
aˆ
†
r,x,σ · tar · aˆr,x,σ. (39)
such that the eikonal current is
jaµeik (x) = δ
µ
+
∑
σ=±
jaσ(x) = δ
µ
+
[
ja+(x) + j
a
−(x)
]
. (40)
An important ingredient of the MV model is the 2-
dimensional color charge density [50–53]
ρacov(x) ≡
∞∫
−∞
dx− ρacov(x
−, x) (41)
= g
A∑
i=1
Ni∑
j=1
taRij δ
2(x− bij).
C. Gaussian weight functional
The weight functional giving the distribution of the
color charge density is Gaussian [50–52], as explicitly
shown in [53] for the density in Eq. (17). Indeed,
taking two color charge densities, ρˆacov(x) ρˆ
b
cov(y) =
ja+eik (x) j
b+
eik (y) with the currents from Eq. (35), inserting
them into Eq. (33), this time averaging over the helicities
and colors, yields
g2
A∑
i=1
Ni∑
j=1
δ(3)(~x−~bij)δ(3)(~y −~bij)
tr
(
taRij t
b
Rij
)
KRij
= g2 δ(3)(~x− ~y)
A∑
i=1
Ni∑
j=1
δ(3)(~x −~bij)
CRij δ
ab
KA
, (42)
where we have defined ~x = (x−, x) and δ(3)(~x) =
δ(x−) δ2(x) for brevity. Here KRij is the dimension of
the representation Rij , such that KA = N
2
c − 1 for the
adjoint representation and KF = Nc for the fundamental
one. In Eq. (42) we have simplified the color trace using
tr
(
taRt
b
R
)
KR
= δab
CR
KA
for any irrep R, (43)
where CR is the Casimir operator of SU(Nc) in the rep-
resentation R.
Note that the expression in Eq. (42) is only non-zero
when both x and y are equal: this way, both color den-
sity operators have to probe the same parton. In general
this need not be the case: while certainly both ρˆacov(x)
and ρˆbcov(y) have to be in the same nucleon, they can still
probe different partons in that nucleon. Such contribu-
tions give us a smooth function of x− y, not a δ-function
as in Eq. (42). Moreover, on the short transverse dis-
tance scales r⊥ ≪ 1/ΛQCD, which are of interest for
perturbative QCD calculations at hand, the δ-function is
dominant due to our assumption that the large-x source
partons are spread out over non-perturbatively large dis-
tances from each other. In other words, as illustrated in
Fig. 1, a given measurement in the perturbative region
probes transverse distances r⊥ ≪ 1/ΛQCD, thus probing
only a part of each nucleon. In this small fraction of the
nucleon probed by a small probe, we are likely to find at
most one parton. Therefore, the contribution captured
in Eq. (42) where both color charge densities connect to
the same parton is dominant.
r⊥
Nucleon
Trajectory
Volume probed
FIG. 1. Sketch of a probe (dashed line) interacting with only
a part of the large nucleus. The nucleons (darker gray) are
randomly distributed in the nucleus. The light gray indicates
the region that the probe “sees” when crossing a given nucleon
along its eikonal trajectory.
Substituting Eq. (42) into Eq. (14) we arrive at
〈A|ρacov(x) ρbcov(y)|A〉 = δ(3)(~x− ~y)
A∑
i=1
Ni∑
j=1
g2 δab
2KRij
(44)
×
∫
d2Bi dB
−
i
1
A
ρA(B
−
i , Bi)
1
Ni
ρNi(x
− −B−i , x−Bi).
Next we assume that the parton number density in the
nucleon ρNi is localized inside the nucleon and that the
nucleon density ρA is a slowly-varying function over this
single-nucleon distance scale. In addition, for simplicity
we assume that all the large-x source partons are quarks,
and that each nucleon contains the same number Nq of
7them. We arrive at the following expression for the cor-
relator of two color charge densities:
〈A|ρacov(x, x−) ρbcov(y, y−)|A〉 = δab µ2(x, x−) (45)
× δ(x− − y−) δ2(x− y),
where
µ2(x, x−) = 4παs
Nq
2Nc
ρA(x, x
−). (46)
As usual, αs = g
2/(4π) is the QCD coupling constant.
The generalization of this result to the case of a nucleus
with a varying number of large-x quarks and gluons in
each nucleon is accomplished by the substitution
Nq
1
2Nc
−→
〈
NR
CR
KA
〉
(47)
where the angle brackets denote the averaging over all
the nucleons in the nucleus and NR is the number of
large-x partons with color representation R in each of
the nucleons.
The correlator of two 2D color charge densities defined
in Eq. (41) is then
〈A|ρacov(x) ρbcov(y)|A〉 = δab µ2(x) δ2(x − y) (48)
with
µ2(x) ≡
∫
dx− µ2(x, x−) = 2παs
Nq
Nc
T (x) (49)
and
T (x) ≡
∞∫
−∞
dx− ρA(x, x
−) (50)
the nuclear profile function. The quantity µ2(x) has di-
mensions of momentum squared [50–53] and is related to
the quark saturation scale Qs in the MV model by
Q2s(b) = 2αsCF µ
2(b), (51)
where CF = (N
2
c − 1)/(2Nc) is the fundamental Casimir
operator of SU(Nc). Since Q
2
s ∝ µ2 ∝ A1/3 with A the
atomic number, the saturation scale is large for large nu-
clei, justifying the applicability of QCD perturbation the-
ory.
Similar to the above calculation, one can show [53]
that the correlation function of any odd number of color
charge densities (17) is zero, while the correlation func-
tions of an even number of densities reduce to a sum of
terms factorized into products of two-density correlators
(45). For instance, for the four-density correlator one has
〈A|ρacov(x1) ρbcov(x2) ρccov(x3) ρdcov(x4)|A〉 (52)
= 〈A|ρacov(x1) ρbcov(x2)|A〉 〈A|ρccov(x3) ρdcov(x4)|A〉
+ permutations.
This implies that the functional distribution of the color
charge density is Gaussian [50–53].
Defining an abbreviated notation
〈Oˆ〉A ≡ 〈A|Oˆ|A〉 (53)
we note that in the MV model the expectation values of
operators can be written as weighted functional averages
〈Oˆ〉A =
∫ Dρcov Oˆ[ρcov]WMV [ρcov]∫ Dρcov WMV [ρcov] (54)
with the weight functional WMV . One usually normal-
ized the weight functional to unity,∫
Dρcov WMV [ρcov] = 1, (55)
such that
〈Oˆ〉A =
∫
Dρcov Oˆ[ρcov]WMV [ρcov]. (56)
Our above-mentioned results for the color charge den-
sity correlators imply that this weight functional is Gaus-
sian and local [50–53],
WMV [ρcov] ∝ exp
[
−
∫
d2x⊥dx
− tr [ρcov(x) · ρcov(x)]
2µ2(x, x−)
]
.
(57)
Here ρcov = t
aρacov with the trace in Eq. (57) going over
the fundamental generators ta.
One can use the classical equations of motion (25) to
write
a+ = j+eik, (58)
to relate the eikonal current j+eik from Eq. (35) and, hence,
the 3D color charge density ρcov = j
+
eik, to the eikonal
gluon field α(x, x−) ≡ a+(x, x−). Since the field does
not depend on x+ the d’Alembertian reduces to −∇2⊥,
where ∇2⊥ is the 2D Laplacian in the transverse plane.
We obtain
α = −∇2⊥α = j+eik = ρcov. (59)
The MV weight functional can be re-written in terms of
the eikonal field α as
WMV [α] ∝ exp
[
−
∫
d2x⊥dx
− tr
[∇2⊥α(x) · ∇2⊥α(x)]
2µ2(x, x−)
]
.
(60)
This concludes the derivation of the MV model target
weight functional.
III. GENERALIZATION TO
HELICITY-DEPENDENT CASE
From the above discussion one expects that the weight
functional remains Gaussian after the sub-eikonal fields
8are included, as required in generalizing the calculation to
include helicity effects: indeed this Gaussianity is ensured
by the large color-neutral nucleus in the MV model con-
sisting of many independent color-neutral nucleons. The
Gaussian distribution has to remain local, since the same
parton has to be the source of two color charge densities
in the two-point correlator even at the sub-eikonal order.
For higher-order correlators in a large nucleus, the dom-
inant contribution again comes from the pairs of color
charge densities coming from partons in different nucle-
ons (while each pair comes from the same parton). Below
we see in detail how this Gaussian distribution emerges
for the sub-eikonal fields β, ψ/ψ¯. We work in covariant
gauge with the results also valid in A− = 0 gauge.
A. Helicity-dependent operators
V pol =
a
A0A0
x−1 x
−
2
x−1 = x
−
2x
−
1 6= x−2
A0A0 A0A0
∝ β
Upol =
a
A0A0
x−1 = x
−
2x
−
1 6= x−2
x−1 x
−
2
A0A0
A0A0 A0A0
∝ β
ψψ¯
ψψ¯
ψ0ψ¯0
ψ0ψ¯0
FIG. 2. Sub-eikonal interactions included in the polarized Wilson lines with a generic target composed of both quarks and
gluons at large x. Horizontal lines indicate propagation of the quark or gluon probe along the light-cone minus direction,
while the non-horizontal lines indicate the background fields of the target. The sub-eikonal field β is defined in Eq. (65), and
receives contributions from the plane-wave field Aµ0 of the large-x gluons and the field a
µ of the small-x gluons, as per the
decomposition in Eq. (22). The diagrammatic structure of the A0A0 contribution is indicated by the left set of arrows (see
Appendix A for details). The right set of arrows shows how the interaction with the quark fields consists of the non-local
contribution (x−1 6= x
−
2 ) due to the small-x quark fields ψ and ψ¯, and the local term ∼ ψ¯0(x)γ
+γ5ψ0(x) due to the large-x
quark fields ψ0/ψ¯0, giving a contribution proportional to β, as elucidated in Appendix B.
Helicity-dependent interactions of a probe with the background field generated by the polarized target are given by
the sub-eikonal vertices were calculated in [27, 28] resulting in the so-called quark and gluon “polarized Wilson lines”
V polx =
igp+1
s
∞∫
−∞
dx− Vx[+∞, x−] F 12(x−, x) Vx[x−,−∞] (61)
− g
2 p+1
s
∞∫
−∞
dx−1
∞∫
x−
1
dx−2 Vx[+∞, x−2 ] tb ψβ(x−2 , x)U bax [x−2 , x−1 ]
[
1
2
γ+ γ5
]
αβ
ψ¯α(x
−
1 , x) t
a Vx[x
−
1 ,−∞]
9and
(Upolx )
ab =
2i g p+1
s
+∞∫
−∞
dx−
(
Ux[+∞, x−] F12(x+ = 0, x−, x) Ux[x−,−∞]
)ab
(62)
− g
2 p+1
s
∞∫
−∞
dx−1
∞∫
x−
1
dx−2 U
aa′
x [+∞, x−2 ] ψ¯(x−2 , x) ta
′
Vx[x
−
2 , x
−
1 ]
1
2
γ+γ5 t
b′ ψ(x−1 , x)U
b′b
x [x
−
1 ,−∞]− c.c.
for the quark and gluon interaction with the polarized proton or nucleus.
Here, p+1 is the large light-cone momentum of the in-
teracting parton in the proton, s is the center-of-mass
scattering energy squared between the quark or gluon in
the projectile and the above-mentioned parton, while the
light-cone Wilson lines are denoted by
Vx[b
−, a−] = P exp

ig
b−∫
a−
dx− A+(x+ = 0, x−, x)

 .
(63)
for the fundamental representation and by
Ux[b
−, a−] = P exp

ig
b−∫
a−
dx−A+(x+ = 0, x−, x)


(64)
for the adjoint representation. (Calligraphic notation for
the field A+ and field strength F12 indicate adjoint rep-
resentation.)
While the “polarized Wilson lines” (61) and (62) were
derived in [27, 28] by assuming that all interactions are
separated in x−, the resulting operators (61) and (62) ap-
ply beyond this assumption. The sub-eikonal interactions
of the quark and gluon probe with the longitudinally po-
larized single-proton target containing both quarks and
gluons at large-x are shown in Fig. 2. As can be seen from
Eqs. (61) and (62), in addition to the gluon eikonal field
α = A+ = a+, we also have to consider the sub-eikonal
helicity-depend gluon field in Feynman gauge [27–29]
βa = F a12. (65)
Helicity information can also be exchanged between the
probe and the target by quark exchanges, thus we need
the quark and anti-quark fields ψ and ψ¯, in addition to
the two gluon fields α and β, as follows from Eqs. (61) and
(62) as well. Those fields are used to build the helicity-
dependent small-x evolution equation in [28, 29].
As one can see from Fig. 2, in the sub-eikonal
polarization-dependent case at hand, the interaction be-
tween the projectile and target is not limited to t-channel
exchanges, and includes s- and u-channel processes as
well. In Fig. 2 we briefly sketch how those s- and u-
channel processes, along with the 4-gluon vertex inter-
action, enter the expressions (61) and (62), with more
details given in Appendices A and B. The presence of
the s- and u-channel processes makes the standard MV-
model separation of the entire interaction into a projec-
tile scattering on the small-x field of the target somewhat
difficult. We see that in the s- and u-channel interactions
with the gluon target the projectile couples to the large-x
target field A0 directly (see Appendix A). Similar direct
coupling to the large-x quark fields ψ0/ψ¯0, defined in
more detail below in Eq. (77), is possible for the quark
target (see Appendix B). At the same time, the target
density should be the starting point of our calculation,
since, as we mentioned above, the Gaussian nature of the
weight functional (as in Eq. (57)) persists for the sources
beyond the eikonal approximation, and is simply a con-
sequence of the target being a large nucleus made out of
color-neutral nucleons.
a ⊂ β a ⊂ β β
ψ/ψ¯ ψ/ψ¯ β
FIG. 3. The topologies of sub-eikonal vertices required to
generate the sub-eikonal fields β, ψ, and ψ¯. Horizontal and
diagonal lines indicate the propagation of a source in the tar-
get along the light-cone plus direction. Each vertical line in-
dicates a propagator from the source (the vertex point) to the
position where the field is measured (denoted by the cross).
Straight lines are either in the fundamental irrep or in its
conjugate.
With this in mind, we observe that the interactions in
Fig. 2 can be separated into the projectile coupling to
β, ψ and ψ¯. Below, we focus on generating those fields
from the target. Above, in Eq. (26) we saw that the
gluon field-strength operator β can be written as sourced
by a particular gluon (or quark) current. The interaction
vertices of interest yielding the fields β, ψ and ψ¯ are given
in Fig. 3. The approach we employ below is similar to
that for the eikonal gluon field reviewed in the previous
Section. We will start from the source operator, and
work our way to the weight functional for the sub-eikonal
fields.
10
B. Source operators
a. Sub-eikonal source: gluon field strength. In order
to generate the sub-eikonal gluon field strength β, we
need a source current as depicted by the three diagrams
in the top row of Fig. 3 along with the right-most dia-
gram in the bottom row of the same figure. Let us detail
only the case of a quark source current since the cases
of the anti-quark and gluon sources would follow almost
automatically from it. This leaves us with the left-most
diagram in the top row of Fig. 3 and with the right-most
diagram in the bottom row. Here we will concentrate
only on the former: the evaluation of the latter is carried
out in Appendix B.
We are interested in the operator gψ¯0γ
µtaψ0 (see
Eq. (21)). The eikonal contribution was simply obtained
for µ = +, we are now interested in the sub-eikonal
helicity-dependent contribution given by µ =⊥. This
component gives the leading helicity-dependent contribu-
tion to gψ¯0γ
µtaψ0 from Eq. (21). Suppressing the anti-
quark contribution for now we get
jaµquarks,subeik =
∫
q,σ′;p,σ
g bˆi †q,σ′(t
a)ij bˆ
j
p,σ u¯σ′(q)γ
µ
⊥uσ(p)e
ix·(q−p)
≃−g
∑
σ=±
σǫµi⊥ ∂
i
⊥
∫
d2q⊥dq
+ d2p⊥dp
+
(2π)62q+ 2p+
bˆi †q,σ(t
a)ij bˆ
j
p,σ e
ix·(q−p)
≃ −g
∑
σ=±
σ
1
2〈p+〉 ǫ
µi
⊥ ∂
i
⊥ bˆ
i †
x,σ(t
a)ij bˆ
j
x,σ (66)
with ǫµi⊥ the two-dimensional Levi-Civita symbol. Start-
ing from the second line of Eq. (66) we have only kept
the leading helicity-dependent contribution (i.e., σ δσσ′ )
and replaced the transverse momenta by a derivative us-
ing i(q − p)ieix·(q−p) = ∂i⊥eix·(q−p). We have also used
Brodsky-Lepage spinors [65] (see Eqs. (69) below). In
the last line of Eq. (66) we have anticipated the fact that
the sources have a large p+, and factored out 1/p+ as
a smooth function compared to the rapidly oscillating
eip
+x− . Furthermore we have assumed that all sources
have approximately the same “plus” momentum 〈p+〉
which led to the sub-eikonal suppression ∼ 〈p+〉−1. This
assumption simplifies the algebra, but is not necessary:
〈p+〉 can be replaced by an operator assuming different
(large) p+ values when acting on different large-x parton
states in different nucleons.
Introducing back the contributions from the anti-
quarks and gluons (using Eq. (26)) in the target while
still working in covariant gauge yields
jaµsubeik(x
−, x) ≃ −g ǫ
µi
⊥ ∂
i
⊥
2〈p+〉
∑
σ=±
r={q,q¯,g}
σ aˆ†r,x,σ · tar · aˆr,x,σ.
(67)
This expression agrees with the diagrammatic analysis
carried out in Appendices A and B and provides the
source current corresponding to all diagrams in the top
line of Fig. 3. There is one important caveat: in the case
of a flavor-singlet scattering, which is what we consider
here, the right-most diagram in the bottom row of Fig. 3
gives a non-zero contribution, though only for the case
when the probe is a gluon. The contribution of this dia-
gram (with the gluon probe) is accounted for by reducing
the result in Eq. (67) by 2. We will keep this in mind for
the later calculations.
Employing the definite-helicity color current (39) we
rewrite the current in Eq. (67) as
jaµsubeik(x
−, x) = − ǫ
µi
⊥ ∂
i
⊥
2〈p+〉
∑
σ=±
σ jaσ(x
−, x). (68)
This expression will be useful latter when we construct
the target weight functional involving the β-field.
b. Sub-eikonal source: quark fields. To construct a
source for the quark and anti-quark fields, it is useful to
first define a way to decompose the 4-dimensional space
of spinors. The Brodsky-Lepage (BL) spinors [65] are
defined by
uσ(p) =
1√√
2 p+
[
√
2 p+ +mγ0 + γ0 γ · p]χσ, (69a)
vσ(p) =
1√√
2 p+
[
√
2 p+ −mγ0 + γ0 γ · p]χ−σ, (69b)
with
χ+ =
1√
2


1
0
1
0

 , χ− = 1√
2


0
1
0
−1

 . (70)
Those spinors are useful to describe plus-direction mov-
ing particles, in our case, the partons inside the target. In
addition to the BL spinors, it is convenient to define the
“anti-BL” spinors [28, 67], obtained from the BL spinors
by interchanging the plus and minus directions, as
uantiσ (p) =
1√√
2 p−
[
√
2 p− +mγ0 + γ0 γ · p] ρσ, (71a)
vantiσ (p) =
1√√
2 p−
[
√
2 p− −mγ0 + γ0 γ · p] ρ−σ,
(71b)
with
ρ+ =
1√
2


1
0
−1
0

 , ρ− = 1√
2


0
1
0
1

 . (72)
Those spinors are useful to describe minus-moving par-
ticles, that is, particles moving in the direction of the
probe in our case. The spinors χσ and ρσ are simply re-
lated to each other with the help of the Dirac matrix γ0
(in the Dirac representation):
ρ± = γ
0χ± = γ
0(γ0ρ±). (73)
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We know from the diagrammatic analysis of [28]
that the dominant high-energy (helicity-dependent and
helicity-independent) interaction via a t-channel quark
exchange between the probe and the target (see Fig. 2
and the left two diagrams in the bottom row of Fig. 3)
involves ρTσpγ
0ψ and ψ¯ρσp = (ρ
T
σpγ
0ψ)†, where σp is the
helicity of the incoming or outgoing quark probe. Using
Eq. (73) we write
ρTσpγ
0ψ = χTσp /∆jψ , (74)
where /∆ ≡ [i/∂ −m]−1 is the inverse Dirac operator for
the quark field, such that the solution of the linearized
Dirac equation
[i/∂ −m]ψ = jψ (75)
with the (sub-eikonal) source current
jψ = −g /Aψ (76)
can be written as
ψ = ψ0 + /∆jψ . (77)
Here ψ0 is the field of large-x quarks in the target, which
is the quark analogue of the gluon field Aµ0 . It solves the
free Dirac equation, [i/∂ −m]ψ0 = 0, and contributes to
both Figures 2 and 3 via s- and u-channel exchanges, as
clarified in Appendix B. By contrast, the /∆jψ term gives
the small-x quark field, contributing to the t-channel
quark exchanges.
The sub-eikonal source current (76) for the quark field
receives contributions from the quark and gluon lines at
the bottom of the left two panels in the lower row of
Fig. 3. Using the field operator definition (76) and ex-
panding it to order-g by using A0 and ψ0 in it one arrives
at
jiψ(x
−, x) = −g
∫
p,λ;q,σ
{
aˆa †p,λ(t
a)ik bˆ
k
q,σ e
ix·(p−q)
[
/ǫ
∗
λ(p)uσ(q)
]
+(ta)ik dˆ
k †
q,σ aˆ
a
p,λ e
−ix·(p−q)
[
/ǫλ(p)vσ(q)
]}
, (78)
where we only keep the terms with the incoming quark
multiplying the outgoing gluon and the incoming gluon
multiplying the outgoing anti-quark. These are the terms
shown in the left two diagrams in the bottom row of
Fig. 3. The terms we neglect in arriving at Eq. (78) are
suppressed in the averaging (16) for the high-p+ and q+
sources, if we are interested in the small-x quark field.
Note that the source current jiψ comes with the funda-
mental color index i. In addition, jiψ is a Dirac spinor.
Due to Eq. (74), we are interested only in the χTσp /∆j
i
ψ
projection of the current jiψ from Eq. (78), since this is
the part of the current relevant for high energy scattering,
including helicity transfer. This is perhaps analogous to
the fact that only a particular projection of the gluon
field given by β in Eq. (65) is relevant for the sub-eikonal
helicity-dependent gluon exchanges.
One can define four projectors to span the full spinor
space,
Pχ,± ≡ χ±χT±, Pρ,± ≡ ρ±ρT±. (79)
Those projectors have the property of idempotency, or-
thogonality, and completeness. Employing the complete-
ness relation for the projectors, one writes
χTσp /∆j
i
ψ =
∑
k∈{χ,ρ}×{+,−}
χTσp /∆Pk jiψ . (80)
For simplicity consider the massless case, m = 0, where
/∆ = −i/∂/∂2. Since γ−χσ = 0, γ+ρσ = 0, χTσ γ+ = 0 and
ρTσ γ
− = 0 we see that
χTσp /∆ j
i
ψ = −iχTσp
∂+γ− − ∂ · γ
∂2
jiψ
≈ −iχTσp
∂ · γ
∂2⊥
jiψ (81)
since ∂+jiψ ∝ (p+ − q+), which is suppressed by a power
of energy compared to the ∂ · γ term. Reinstating the
projectors we have
χTσp /∆j
i
ψ =
∑
k∈{χ,ρ}×{+,−}
(−i)χTσp
∂ · γ
∂2⊥
Pk jiψ. (82)
Further, observing that for i = 1, 2
χTσ1γ
iχσ2 = (−σ1 δi1 + i δi2) δσ1,−σ2 , (83a)
χTσ1γ
iρσ2 = 0, (83b)
we conclude that only the Pχ,± projectors contribute in
the sum of Eq. (82), such that
χTσp /∆j
i
ψ =
∑
σ
(−i)χTσp
∂ · γ
∂2⊥
χσ χ
T
σ j
i
ψ. (84)
We see that only the χTσ j
i
ψ projection of the current (78)
contributes to the high-energy (helicity-dependent and
helicity-independent) interactions that we are interested
in here.
Denoting this projection
J i σψ ≡ χTσ jiψ (85)
and expanding it to order-g by using A0 and ψ0 in it, we
find, after some algebra,
J i σψ (x
−, x) ≃ −g√√
2 〈p+〉
(86)
×
[
aˆa †x,−σ (t
a)ik bˆ
k
x,−σ − (ta)ik dˆk †x,−σ aˆax,σ
]
.
The source current for the small-x anti-quark field is
j¯ψ = −gψ¯ /A = j†ψ γ0. (87)
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Its relevant projection J i σ
ψ¯
≡ j¯iψ ρσ =
(
χTσ j
i
ψ
)†
at order-g
is given by the hermitean conjugate of the current pro-
jection in Eq. (86),
J i σψ¯ =
(
J i σψ
)† ≃ −g√√
2 〈p+〉
(88)
×
[
aˆax,−σ (t
a)ki bˆ
k †
x,−σ − (ta)ki dˆkx,−σ aˆa †x,σ
]
.
C. Weight functional for the gluon fields
Let us now construct the weight functional for the
helicity-dependent MV model. We start in the gluon
sector, working with the α(x) and β(x) fields. Similar
to the MV model derivation done in Sec. II C, one can
start with the fixed-helicity currents in Eq. (39) (instead
of the eikonal currents) and show that their distribution
is indeed Gaussian. The derivation is completely analo-
gous to Sec. II C and will not be repeated here in detail.
One can show that the two-point function is proportional
to the three-dimensional delta-function,
〈A|jaσ(x, x−) jbσ′(y, y−)|A〉 = δab δσσ′ µ2σ(x, x−) (89)
× δ(x− − y−) δ2(x − y),
with
µ2σ(x, x
−) = 2παs
Nσq
Nc
ρA(x, x
−). (90)
Again, for simplicity we have assumed that the large-x
sources in the nucleons are (“valence”) quarks, where Nσq
in Eq. (90) is the number of quarks of a given helicity σ in
each of the target nucleons. Equation (90) is essentially
Eq. (46) with the restriction that only partons with he-
licity σ = ±1 contribute. The generalization to the case
of a nucleus having both large-x quarks and gluons in its
nucleons is done by the substitution
Nσq
1
2Nc
−→
〈
NσR
CR
KA
〉
(91)
where, again, the angle brackets denote the averaging
over all the nucleons in the nucleus andNσR is the number
of large-x partons with color representation R and with
helicity σ in each of the nucleons. Just like in the un-
polarized case, the contribution in Eq. (89) comes from
both currents probing the same parton (quark), which
has a certain fixed helicity σ. This leads to δσσ′ on the
right-hand side of Eq. (89).
Furthermore, one can again show that correlation func-
tions of an odd number of jaσ are zero, while the correla-
tion functions of an even number of jaσ are equal to the
sum of terms each of which is a product of different two-
point correlators. All these results lead to the following
Gaussian weight functional for the fixed-helicity currents
in a given representation r:
W(0)[j+, j−] ∝ exp
[
−
∫
d2x⊥dx
− tr [j+(x) · j+(x)]
2µ2+(x, x
−)
]
× exp
[
−
∫
d2x⊥dx
− tr [j−(x) · j−(x)]
2µ2−(x, x
−)
]
, (92)
where, again, jσ = t
ajaσ. For the unpolarized target with
µ2+ = µ
2
− = µ
2/2 and j+ = j−, the functional (92) re-
duces to Eq. (57).
Our next step is to rewrite the weight functional (92) in
terms of the eikonal and sub-eikonal gluon fields α(x) and
β(x). We continue working in Feynman gauge. Employ-
ing equation (25) with µ = + we obtain the known rela-
tion (59) for the small-x eikonal gluon field α = A+ = a+,
α = −∇2⊥α = j+ + j− = j+eik. (93)
Another useful relation is obtained by putting ν =⊥
in Eq. (26),
β = −∇2⊥β = −
1
2〈p+〉∇
2
⊥(j+ − j−). (94)
Here we employ the fact that α = α(x−, x) and β =
β(x−, x). Inverting the system of equations (93) and (94)
yields(
j+
j−
)
= − 12
(
1 −2〈p+〉(∇2⊥)−1
1 +2〈p+〉(∇2⊥)−1
)
· ∇2⊥
(
α
β
)
(95)
with (∇2⊥)−1 the Green function of the 2D Laplacian.
The relation (95) can be rewritten as
j± = − 12∇2⊥α ± 〈p+〉β. (96)
Inserting Eq. (96) into Eq. (92), we arrive at the following weight functional for the gluon fields:
W(0)[α, β] ∝ exp
{
−
∫
d2x⊥dx
− tr
[
(∇2⊥α)2
µ2+ + µ
2
−
8µ2+ µ
2
−
+
(〈p+〉β)2 µ2+ + µ2−
2µ2+ µ
2
−
+ (∇2⊥α)〈p+〉β
µ2+ − µ2−
2µ2+ µ
2
−
]}
, (97)
where we use the abbreviated notation in which µ2+ =
µ2+(x, x
−), µ2− = µ
2
−(x, x
−).
Note that the β-field is sub-eikonal, β ∼ 1/〈p+〉, see
e.g. Eq. (94). Therefore, the combination 〈p+〉β is of the
same order in powers of energy as the α-field. Hence,
all terms in Eq. (97) are of the same order in powers of
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D. Weight functional for the quark fields
The weight functional for the quark fields is con-
structed similar to the gluon ones. We start with the
two-point correlation function. As in all cases considered
above, the two currents must come from the same parton.
This means only the correlator of J i σψ with J
i σ
ψ¯
=
(
J i σψ
)†
is non-zero. A direct calculation employing Eqs. (86) and
(88) yields
〈A|J i σψ (x, x−)Jj σ
′
ψ¯
(y, y−)|A〉 = −δij δσσ′
ν2(−σ)(x, x
−)
√
2 〈p+〉
× δ(x− − y−) δ2(x− y), (98)
where
ν2σ(x, x
−) = 4παs
CF N
σ
q
Nc
ρA(x, x
−). (99)
Note that the polarization of the target quarks is opposite
to the polarization of the source currents J i σψ and J
i σ
ψ¯
.
Once again we assumed for simplicity that the target is
made out of quarks, with Nσq quarks of helicity σ in each
nucleon. The expression (99) can be easily generalized
to include gluons in the target and to allow for different
numbers of quarks of each polarization in the nucleons:
one needs to replace
Nσq
CF
Nc
−→
〈
ηRN
σR
R
CF
KR
〉
, (100)
in Eq. (99), where ηF = ηF¯ = 1, ηA = 2, while
NσRR is the number of large-x partons in a given nu-
cleon in the representation R and with helicity σR =
σ (δR=F + δR=F¯ − δR=A).
Just like above, the correlators of an odd number of
currents J i σψ and J
i σ
ψ¯
are zero, and the correlators of an
equal number of J i σψ ’s and J
i σ
ψ¯
’s reduce to a sum of terms
factorized into two-point functions (98). We arrive at
the following Gaussian weight functional (with the color
space multiplication denoted by the dots):
W(0)[j+, j−] ∝ exp
[
−
∫
d2x⊥dx
−
√
2〈p+〉
J+
ψ¯
(x) · J+ψ (x)
ν2−(x, x
−)
]
× exp
[
−
∫
d2x⊥dx
−
√
2〈p+〉
J−
ψ¯
(x) · J−ψ (x)
ν2+(x, x
−)
]
. (101)
Remembering that (see Eq. (85)) Jσψ = χ
T
σ jψ =
χTσ [i/∂ −m]ψ and employing [28]
χσ χ
T
σ =
1
2
√
2
γ0 γ+
(
1 + σ γ5
)
(102)
we rewrite Eq. (101) as
W(0)[ψ, ψ¯] ∝ exp
{
−
∫
d2x⊥dx
− 〈p+〉
[(
1
ν2+
+
1
ν2−
)
ψ¯
←−
/∂ 12γ
+/∂ψ +
(
1
ν2−
− 1
ν2+
)
ψ¯
←−
/∂ 12γ
+γ5/∂ψ
]}
, (103)
where we put m = 0 for simplicity and
←−
∂ denotes the partial derivative acting to the left. Since the quark field scales
as ψ, ψ¯ ∼ 1/
√
〈p+〉, both terms in Eq. (103) are of the same order in powers of energy as the terms in the exponent
of Eq. (97). Note that the fields ψ and ψ¯ are Grassmann variables.
The first term in the exponent of Eq. (103) is helicity-independent, while the second term projects out the helicity-
dependent component of the quark field. The expression can be simplified it to
W(0)[ψ, ψ¯] ∝ exp
{∫
d2x⊥dx
− 〈p+〉
[(
1
ν2+
+
1
ν2−
)
ψ¯ 12γ
+∇2⊥ψ −
(
1
ν2−
− 1
ν2+
)
ψ¯ 12γ
+γ5∇2⊥ψ
]}
, (104)
where we have remembered that transverse components dominate in /∂ and replaced /∂ → −γ · ∂.
E. Total helicity-dependent weight functional and its properties
Combining Eqs. (97) and (104) we arrive at the weight functional for the helicity-generalized MV model,
W(0)[α, β, ψ, ψ¯] ∝ exp
{
−
∫
d2x⊥dx
− tr
[
(∇2⊥α)2
µ2+ + µ
2
−
8µ2+ µ
2
−
+
(〈p+〉β)2 µ2+ + µ2−
2µ2+ µ
2
−
+ (∇2⊥α)〈p+〉β
µ2+ − µ2−
2µ2+ µ
2
−
]}
(105)
× exp
{∫
d2x⊥dx
− 〈p+〉
[
ν2+ + ν
2
−
ν2+ ν
2
−
ψ¯ 12γ
+∇2⊥ψ −
ν2+ − ν2−
ν2+ ν
2
−
ψ¯ 12γ
+γ5∇2⊥ψ
]}
.
This is the main result of this work. It should be used for flavor-singlet observables only.
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Note that the field β needs to be scaled β → 2β in
the argument of W(0) when the probe is a gluon and the
target is made of quarks (see Appendix B). This means
that, generally-speaking, our weight functional should be
a matrixW(0)PT in the projectile (P)-target (T) space, with
P = q,G, T = q,G. Our result (105) can be summarized
by a relatively simple matrix in the q,G space,
W(0)PT [α, β, ψ, ψ¯] =
( W(0)[α, β, ψ, ψ¯] W(0)[α, β, ψ, ψ¯]
W(0)[α, 2 β, ψ, ψ¯] W(0)[α, β, ψ, ψ¯]
)
.
(106)
In [29], when generalizing the JIMWLK equation to in-
clude helicity evolution, we relied on the following prop-
erties of W(0), which were needed to justify functional
integration by parts:

lim
α(x)→±∞
W(0)[α, β, ψ, ψ¯] = 0, ∀x,
lim
β(x)→±∞
W(0)[α, β, ψ, ψ¯] = 0, ∀x. (107)
These properties are clearly satisfied by the functional in
Eq. (105).
Furthermore, in [29] we argued that the weight func-
tional can be written as a sum of polarization indepen-
dent and dependent parts,
W(0) =W(0)unpol +ΣW(0) pol, (108)
where are Σ = ±1 is the target helicity (having a proton
target in mind). We then conjectured that integrating
out the sub-eikonal fields β, ψ, ψ¯ should reduce W(0) to
the MV weight functional WMV . For the two weight
functionals on the right of Eq. (108) this conjecture im-
plied the following properties:
∫
DβDψDψ¯ W(0)unpol[α, β, ψ, ψ¯] =WMV [α], (109a)∫
DβDψDψ¯ W(0) pol[α, β, ψ, ψ¯] = 0. (109b)
Writing
µ2+ − µ2− = Σ |µ2+ − µ2−|, (110)
ν2+ − ν2− = Σ |ν2+ − ν2−|
we obtain from Eq. (105)
W(0)unpol[α, β, ψ, ψ¯] ∝ exp
{
−
∫
d2x⊥dx
−
[
tr
[
(∇2⊥α)2
µ2+ + µ
2
−
8µ2+ µ
2
−
+
(〈p+〉β)2 µ2+ + µ2−
2µ2+ µ
2
−
]
− 〈p+〉 ν
2
+ + ν
2
−
ν2+ ν
2
−
ψ¯ 12γ
+∇2⊥ψ
]}
× cosh
{
−
∫
d2x⊥dx
−
[
tr
[
(∇2⊥α)〈p+〉β
] |µ2+ − µ2−|
2µ2+ µ
2
−
+ 〈p+〉 |ν
2
+ − ν2−|
ν2+ ν
2
−
ψ¯ 12γ
+γ5∇2⊥ψ
]}
,
(111a)
W(0) pol[α, β, ψ, ψ¯] ∝ exp
{
−
∫
d2x⊥dx
−
[
tr
[
(∇2⊥α)2
µ2+ + µ
2
−
8µ2+ µ
2
−
+
(〈p+〉β)2 µ2+ + µ2−
2µ2+ µ
2
−
]
− 〈p+〉 ν
2
+ + ν
2
−
ν2+ ν
2
−
ψ¯ 12γ
+∇2⊥ψ
]}
× sinh
{
−
∫
d2x⊥dx
−
[
tr
[
(∇2⊥α)〈p+〉β
] |µ2+ − µ2−|
2µ2+ µ
2
−
+ 〈p+〉 |ν
2
+ − ν2−|
ν2+ ν
2
−
ψ¯ 12γ
+γ5∇2⊥ψ
]}
.
(111b)
Inserting Eq. (111a) into the left-hand side of Eq. (109a) and integrating over β yields
∫
DβDψDψ¯ W(0)unpol[α, β, ψ, ψ¯] ∝ exp
{
−
∫
d2x⊥dx
− tr
[
(∇2⊥α)2
]
2(µ2+ + µ
2
−)
}
(112)
×
∫
DψDψ¯ exp
{∫
d2x⊥dx
−〈p+〉 ν
2
+ + ν
2
−
ν2+ ν
2
−
ψ¯ 12γ
+∇2⊥ψ
}
cosh
{∫
d2x⊥dx
−〈p+〉 |ν
2
+ − ν2−|
ν2+ ν
2
−
ψ¯ 12γ
+γ5∇2⊥ψ
}
.
The ψ and ψ¯ integrals in Eq. (112) just affect the normalization factor, which we do not keep track of here. We arrive
at ∫
DβDψDψ¯ W(0)unpol[α, β, ψ, ψ¯] ∝ exp
{
−
∫
d2x⊥dx
− tr
[
(∇2⊥α)2
]
2(µ2+ + µ
2
−)
}
. (113)
Finally, noticing that µ2+ + µ
2
− = µ
2 (since the total number of large-x partons is the sum of the numbers of spin-up
and spin-down partons) we recognize that the right-hand side of Eq. (113) is identical to that of Eq. (60). We have
thus verified Eq. (109a).
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Similarly, inserting Eq. (111b) into the left-hand side of Eq. (109b) and integrating over β we arrive at
∫
DβDψDψ¯ W(0) pol[α, β, ψ, ψ¯] ∝ exp
{
−
∫
d2x⊥dx
− tr
[
(∇2⊥α)2
]
2(µ2+ + µ
2
−)
}
(114)
×
∫
DψDψ¯ exp
{∫
d2x⊥dx
−〈p+〉 ν
2
+ + ν
2
−
ν2+ ν
2
−
ψ¯ 12γ
+∇2⊥ψ
}
sinh
{∫
d2x⊥dx
−〈p+〉 |ν
2
+ − ν2−|
ν2+ ν
2
−
ψ¯ 12γ
+γ5∇2⊥ψ
}
= 0.
The ψ and ψ¯ integrals in Eq. (114) give zero. To see this
one can notice that the integrand of the ψ and ψ¯ integrals
simply changes sign under a combination of parity and
time reversal (PT), since the argument of the hyperbolic
sine changes sign under PT, while the exponent remains
the same. Parity transformation can be thought of as
an integration variable change in that integral, since it
interchanges ψL
P←→ ψR with ψR,L = 12 (1 ± γ5)ψ. The
integration measure is invariant under parity since it can
be written as∫
DψDψ¯ ∝
∫
DψLDψ¯LDψRDψ¯R (115)
where the proportionality is valid up to a multiplicative
constant. Time reversal ψ
T−→ −γ1 γ3 ψ also preserves
the functional integration measure since det[γ1 γ3] = 1.
Hence the PT transformation recasts the last line of
Eq. (114) as a negative of itself: therefore, the integral
is zero. (Note that, under PT, (x−, x)
PT−→ −(x−, x),
µ2+
PT←→ µ2−, and ν2+ PT←→ ν2−: none of these transforma-
tions affects the integrals in Eq. (114).) We have thus
demonstrated that the property (109b) is also satisfied
by our weight functional (105).
Finally, in [29] we have argued that the weight func-
tionals should satisfy the following properties:∫
DαDβDψDψ¯W(0)unpol[α, β, ψ, ψ¯]V polx (α, β, ψ, ψ¯) = 0,
(116a)∫
DαDβDψDψ¯ W(0) pol[α, β, ψ, ψ¯]Vx(α) = 0. (116b)
Here Vx(α) ≡ Vx[+∞,−∞] is the light-cone infinite Wil-
son line in the projectile direction, which depends only
on the eikonal gluon field α. This implies that the condi-
tion (116b) follows from the condition (109b) which we
have just verified.
The “polarized Wilson line” V polx (α, β, ψ, ψ¯) is defined
above in Eq. (61). It consists of eikonal light-cone Wil-
son lines with sub-eikonal operator insertions. There
are two terms with different sub-eikonal insertions in
V polx (α, β, ψ, ψ¯): one terms is linear in β and another one
is linear in ψ¯ 12γ
+γ5ψ. Using W(0)unpol from Eq. (111a)
one can show that the condition (116a) is satisfied by
using the PT-symmetry argument to factor out integrals
over ψ and ψ¯ and then integrate over β to obtain zero
in the ∼ β term. The ψ¯ 12γ+γ5ψ term is zero after β-
integration if we again invoke the PT-symmetry for the
fermion integrals. We conclude that both conditions in
(116) are also satisfied by our weight functional (105).
IV. CONCLUSIONS
In this work we have generalized the MV model
to describe helicity-dependent flavor-singlet observables,
in addition to the standard unpolarized quantities in-
cluded in the original MV model. The resulting helicity-
MV weight functional in ∂µA
µ = 0 gauge is given by
Eq. (105). One can show that the weight functional (105)
is also valid in A− = 0 gauge. It can be used to find
the expectation values of helicity-dependent (or indepen-
dent) operators using the standard MV prescription,
〈Oˆpol〉 =
∫
DαDβDψDψ¯ Oˆpol W(0)[α, β, ψ, ψ¯]. (117)
These expectation values will be valid in the quasi-
classical limit of QCD, which neglects small-x evolution.
The latter evolution can be included with the help of the
helicity generalization of JIMWLK equation, which was
derived in [29] and is given by Eq. (1) above. Together
with our result (105), the helicity-JIMWLK evolution
(1) allows one to describe any helicity-dependent flavor-
singlet observable at small x. In the large-Nc limit this
description for helicity PDFs and for transverse momen-
tum dependent helicity PDFs has been done in [9, 24–28]
with the analysis of the large-Nc&Nf limit recently com-
pleted in [34]. The formalism based on Eqs. (105) and
(1) will allow for generalization of those results to any
phenomenologically relevant value of Nc and Nf .
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Appendix A: Diagrammatic check: the β-field
In this Appendix, we argue that in Feynman gauge,
the class of diagrams contributing to β = F12 of a single
parton, and, through Eqs. (61) and (62), to the corre-
sponding parts of Born-level scattering amplitudes can
be written in a compact form as
ig2λδλλ′ΛδΛΛ′ × ηRP
(
teRP ⊗ teRT
)
(A1)
with RP the irrep of the probe and RT the irrep of
the target, λ/λ′ and Λ/Λ′ the helicities of the projec-
tile and target before/after the scattering, while ηF =
ηF¯ = 1, ηA = 2. Equation (A1) contains the helicity-
dependent part of the 2→ 2 Born scattering amplitudes
for (anti)quarks and gluons mediated by the β-field. It
serves as a verification of the scaling in ηRP expected from
the definitions of polarized Wilson lines V pol,g and Upol,g
(defined as the F 12-parts of Eqs. (61) and (62), respec-
tively), i.e., that W (RP )pol,g ∼ ηRP with W (FP ) = V and
W (AP ) = U for the fundamental (FP ) and adjoint (AP )
representations of the projectile. Eq. (A1) also cross-
checks ηRT -independence of the sub-eikonal source cur-
rent (68) found in the main text.
Note that β = F12 also contains a term quadratic in
the gluon field. Below we will also discuss the quadratic
term [A1, A2] ⊂ F12 and its diagrammatic content at the
sub-eikonal level.
1. Kinematics
We will have to consider several scattering processes
ab → ab in this Subsection. To keep track of them, we
will always indicate by the first particle a the probe and
by the second particle b the target. The corresponding
helicity-dependent (and, hence, sub-eikonal) amplitude
will be denoted Mab→ab. (While, indeed, 2→ 2 scatter-
ing is completely target–projectile symmetric, the indi-
vidual terms in the polarized Wilson lines (61) and (62)
are not, and the target–projectile symmetry is restored
only when all such terms are included.)
We work in the Feynman gauge (∂µA
µ = 0) and con-
sider massless partons. We chose a frame where the pro-
jectile is light-cone minus moving with an initial momen-
tum q and zero transverse momentum q = 0 and helic-
ity σ for a quark (resp. λ for a gluon.) The target is
light-cone plus moving with an initial momentum p, zero
transverse momentum p = 0, and helicity Σ for a quark
(resp. Λ for a gluon.) The momentum exchanged is de-
noted by k such that we have the momenta q + k and
p− k in the final state for the projectile and the target,
respectively.
Since we are only interested in the helicity-dependent
part of the amplitude, we have the following “helicity
trick” for the gluon polarization vectors,
[ǫλ]α [ǫ
∗
λ′ ]β ⊃
−iλδλλ′
2
ǫ⊥αβ, (A2a)
which defines a substitution needed to extract the
helicity-dependent (∼ λδλλ′ ) part in the product of two
polarization vectors (with ǫ⊥αβ the two-dimensional Levi-
Civita symbol). Using Eq. (A2a) we define the following
two substitutions (for the minus moving gluons and for
the plus moving gluons):
[ǫλ(q)]α [ǫ
∗
λ′(q + k)]β ⊃
−iλδλλ′
2
ǫ⊥αβ, (A2b)
[ǫΛ(p)]χ [ǫ
∗
Λ′(p− k)]ρ ⊃
−iΛδΛΛ′
2
ǫ⊥χρ, (A2c)
where we have neglected the energy-suppressed terms
proportional to ǫ±λ/Λ.
2. Gluon target
First we consider a polarized gluon target.
a. Gluon-gluon scattering. In the kinematics speci-
fied above we have
q, λ, α, a q + k, λ′, β, b
p,Λ, χ, c p− k,Λ′, ρ, d
where we explicitly label the momenta flowing from left
to right, helicities, colors, and Lorentz indices contract-
ing with the polarization vectors. As we will soon see, the
sum of all diagrams will be proportional in color space
to the t-channel diagram color tensor. Thus we will con-
sider color-stripped amplitude for simplicity, denoted by
m with a subscript indicating the corresponding channel.
Consider the t-channel diagram. The color-stripped
amplitude reads
imt =
−i(−ig)2
t
[ǫλ(q)]α [ǫ
∗
λ′(q + k)]β [ǫΛ(p)]χ [ǫ
∗
Λ′(p− k)]ρ
× {2kαgβµ − 2kβgαµ − (2q + k)µgαβ} gµν
× {2kχgνρ − 2kρgχν + (2p− k)νgχρ} . (A3)
The helicity-dependent part of mt is obtained by using
Eqs. (A2b) and (A2c), which yields
imt⊃−i(−ig)
2
t
−iλδλλ′
2
−iΛδΛΛ′
2
ǫ⊥αβǫ
⊥
χρgµν4k
[αgβ]µk[χgρ]ν
= ig2
−iλδλλ′
2
−iΛδΛΛ′
2
× 16, (A4)
where the square brackets [α . . . β] denote commutators
of indices, [α . . . β] = α . . . β − β . . . α. For the reasons
that will be evident latter on, the result in Eq. (A4) can
be conveniently re-written as
iMgg→ggt ⊃ ig2
[ ] −iλδλλ′
2
−iΛδΛΛ′
2
× 4 ηAP ηAT ,
(A5)
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where we have introduced back the color tensor
a b
c d
= ifaebif cde. (A6)
The s-channel color-stripped amplitude ms reads
ims=
−i(−ig)2
s
[ǫλ(q)]α[ǫ
∗
λ′(q + k)]β[ǫΛ(p)]χ[ǫ
∗
Λ′(p− k)]ρ
×{2pαgχµ − 2qχgαµ + (q − p)µgαχ} gµν (A7)
×{(2p+ 2q)βgρν − (2p+ 2q)ρgβν + (2k − p+ q)νgβρ} .
The helicity-dependent part of ms is again obtained by
using Eqs. (A2b) and (A2c),
ims ⊃−i(−ig)
2
s
−iλδλλ′
2
−iΛδΛΛ′
2
ǫ⊥αβǫ
⊥
χρg
αχgβρ × (−s)
= ig2
−iλδλλ′
2
−iΛδΛΛ′
2
× (−2), (A8)
where the color tensor is
a
c
b
d
= ifaceifdbe. (A9)
The helicity-dependent part of the color-stripped am-
plitude for the u-channel,mu, is obtained similarly to the
s-channel
imu = ig
2−iλδλλ′
2
−iΛδΛΛ′
2
× (+2), (A10)
where the relative sign simply follows from the high-
energy limit where u ≈ −s for s ≫ |t|. Its color tensor
is
a
c
b
d
= if bceifdae. (A11)
Summing both s- and u-channels with the use of Jacobi
identity
− + = 0, (A12)
allows us to write (now including the color factor, de-
noted by the birdtrack diagram)
iMgg→ggs+u ⊃ ig2
[ ] −iλδλλ′
2
−iΛδΛΛ′
2
× (−2).
(A13)
In addition to the s, t, and u channel diagrams, the four
gluon vertex diagram also contributes to the gluon-gluon
scattering. It contains helicity-dependent sub-eikonal
terms. The four gluon vertex comes with three differ-
ent color tensors, given by Eqs. (A6), (A9), and (A11).
The color-stripped amplitudes associated with the t-, s-,
and u-channel color tensors are
imt4 ⊃ ig2
−iλδλλ′
2
−iΛδΛΛ′
2
× (−4), (A14a)
ims4 ⊃ ig2
−iλδλλ′
2
−iΛδΛΛ′
2
× (−2), (A14b)
imu4 ⊃ ig2
−iλδλλ′
2
−iΛδΛΛ′
2
× (+2). (A14c)
Adding those, and using the Jacobi identity (A12), one
finds the net contribution of the 4-gluon vertex diagram,
iMgg→gg4 ⊃ ig2
[ ] −iλδλλ′
2
−iΛδΛΛ′
2
× (−6).
(A15)
Combining Eqs. (A5), (A13), and (A15) one finds
iMgg→gg ⊃ ig2
[ ] −iλδλλ′
2
−iΛδΛΛ′
2
× 8. (A16)
Note that Mgg→ggt : (Mgg→ggs+u +Mgg→gg4 ) = 2 : (−1).
This will be useful below.
The overall color tensor (A6) can also be written as
= −teAP ⊗ teAT (A17)
where (teA)ba = −if bae, teAP and teAT are the adjoint color
factors of the projectile and the target, written with the
(teA)final,initial ordering of indices for the incoming and
outgoing projectile or target gluons. It is now convenient
to identify the numerical factor in Eq. (A16) with
8 = 4× ηAP × (ηAP − 1) = 4× ηAP . (A18)
This yields
iMgg→gg ⊃ ig2λδλλ′ΛδΛΛ′ × ηAP
(
teAP ⊗ teAT
)
. (A19)
b. Quark-gluon scattering. Now, we consider the
process with a minus moving quark and a plus mov-
ing gluon, i.e., we are changing the probe representation
A → F compared to the gg → gg case. The process is
illustrated by
q, σ q + k, σ′
p,Λ, χ, a p− k,Λ′, ρ, b
with the same kinematics as specified above. Factoring
the color tensor
ifabctc (A20)
out of the amplitude, we obtain the t-channel color-
stripped amplitude
imt =− ig
2
t
u¯σ′(q + k)γ
µuσ(q) gµν [ǫΛ(p)]χ [ǫ
∗
Λ′(p− k)]ρ
× [2kχgρν − 2kρgχν + (2p− k)νgχρ] . (A21)
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For a light-cone minus-moving quark, the helicity-
dependent part of the matrix element is obtained using
u¯σ′(q + k)γ
µuσ(q) ⊃−iσδσσ
′
2
× (−2)ǫµγ⊥ kγ . (A22)
In addition, using Eq. (A2c), one finds
imt ⊃− ig
2
t
−iσδσσ′
2
−iΛδΛΛ′
2
(−8)kγǫ⊥µγgµρǫ⊥χρkχ
=− ig2−iσδσσ′
2
−iΛδΛΛ′
2
× 8. (A23)
The numerical factor can be written as
8 = 4× ηFP × ηAT , (A24)
which can be compared with the factor 4× ηAP × ηAT in
Mgg→ggt .
Next we factor out the color tensors
tbta and tatb (A25)
from the s- and u-channel amplitudes. The s-channel
color-stripped amplitude reads
ims = − ig
2
s
u¯σ′(q + k)γ
ρ(/p+ /q)γ
χuσ(q)
× [ǫΛ(q)]χ [ǫ∗Λ′(q + k)]ρ . (A26)
Using Eq. (A2c), it yields
ims ⊃− ig2−iσδσσ
′
2
−iΛδΛΛ′
2
× (−4). (A27)
The u-channel yields a similar result
imu ⊃ −ig2−iσδσσ
′
2
−iΛδΛΛ′
2
× (+4). (A28)
Using [ta, tb] = ifabctc, the full amplitude reads
iMqg→qg ⊃ −ig2 [ifabctc] −iσδσσ′
2
−iΛδΛΛ′
2
× 4 (A29)
where it will be convenient to identify the numerical fac-
tor as
4 = 4× ηFP × (ηAT − 1) = 4× ηFP . (A30)
Note that, similar to the gluon-gluon scattering,
Mqg→qgt :Mqg→qgs+u = 2 : (−1).
Since ifabc = (tcA)ba, Eq. (A29) finally yields
iMqg→qg ⊃ ig2ΛδΛΛ′σδσσ′ × ηFP
(
teFP ⊗ teAT
)
. (A31)
This is exactly Eq. (A19) with the substitution ηAP →
ηFP , t
e
AP
→ teFP accounting for the gluon probe being
replaced by a quark probe.
3. Quark target
In the case of a quark target, only the t-channel dia-
grams belong to the β-field. The s- and u-channel contri-
butions to the helicity-dependent amplitude will be dis-
cussed in Appendix B, as they arise from the quark field
dependent terms in Eqs. (61) and (62).
a. Gluon-quark scattering. In the above-given kine-
matics, we consider the scattering process with a minus-
moving gluon and a plus-moving quark:
q, λ, α, a q + k, λ′, β, b
p,Σ p− k,Σ′
.
Compared to the gluon-gluon scattering case, we are
changing the representation of the target while keeping
the representation of the probe.
Factoring the color tensor
if bactc (A32)
out of the amplitude Mt, the color-stripped amplitude
reads
imt =− ig
2
t
u¯Σ′(p− k)γµuΣ(p) gµν [ǫλ(q)ǫ∗λ′(q + k)]αβ
× [2kαgβν − 2kβgαν − (2q + k)νgαβ] . (A33)
In order to pull out the helicity-dependent sub-eikonal
contribution we use
u¯Σ′(p− k)γµuΣ(p) ⊃ −iΣδΣΣ
′
2
× 2ǫµγ⊥ kγ , (A34)
in addition to Eq. (A2b) to find
imt ⊃ ig2−iλδλλ
′
2
−iΣδΣΣ′
2
× 8. (A35)
Notice that this factor also reads
8 = 4× ηAP × ηFT = 4× ηAP (A36)
such that we get
iMgq→gqt ⊃ ig2λδλλ′ΣδΣΣ′ × ηAP
(
teAP ⊗ teFT
)
. (A37)
b. Quark-quark scattering. Using Eqs. (A34) and
(A22), it is straightforward to find the t-channel exchange
amplitude,
iMqq→qqt ⊃ ig2σδσσ′ΣδΣΣ′ × ηFP
(
teFP ⊗ teFT
)
, (A38)
which can also be obtained from Eq. (A37) by the sub-
stitution ηAP → ηFP , teAP → teFP , corresponding to the
replacement of a gluon probe by a quark probe.
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4. Discussion
The overall factor ηRP in the scattering amplitudes
(A19), (A31), (A37), and (A38) above, depending on
whether the probe is a quark (RP = FP ) or a gluon
(RP = AP ), is expected from the definition of the po-
larized Wilson lines in Eqs. (61) and (62). The F 12-
dependent parts of the polarized Wilson lines (61) and
(62), which we denote summarily by W (RP )pol,g, can be
written as
W (RP )pol,gx = ηRP
igp+1
s
(A39)
×
∞∫
−∞
dx−W (RP )x [∞, x−]β(x−, x)W (RP )x [x−,−∞],
with the factor of ηRP = 1 for RP = FP and ηRP = 2
for RP = AP accounting for the factor of 2 difference
between the F 12-terms in Eqs. (62) and (61). (In the
kinematics of this Appendix p+1 = p
+.) Our above cal-
culation confirms the ηRP -dependence of the operator in
Eq. (A39).
We have shown here that the t-channel diagrams are
not the only ones to contain sub-eikonal and helicity-
dependent contributions to the scattering amplitudes,
but that s-, or u-channel diagrams also do contribute.
This is a feature of the helicity-dependent part of the
scattering amplitude and it should be contrasted with the
usual helicity-independent part of the amplitude which,
in the eikonal approximation, is only given by the t-
channel gluon exchange. Fortunately, in the Feynman
gauge it is possible to absorb those new contributions in
the sub-eikonal source current (67),
jaµsubeik(x
−, x) ≃ −g ǫ
µi
⊥ ∂
i
⊥
2〈p+〉
∑
σ=±
RT={q,q¯,g}
σ aˆ†RT ,x,σ · taRT · aˆRT ,x,σ,
which is independent of the representation of the target
in the sense of being independent of ηRT .
It is useful to keep in mind that the target wave func-
tion averages of the amplitudes discussed here vanish due
to color algebra. This is not a surprise since the averages
are proportional to 〈β〉 = 0, which is zero due to color
algebra. The average is only non-vanishing when there is
at least one α-field, for example 〈βα〉 6= 0.
5. The quadratic term in the β field
Identification of the s-, u-channel, and 4-gluon vertex
diagrams in gg → gg scattering as contributing to the β-
field may be surprising. The same applies to identifying
the s- and u-channel diagrams in qg → qg scattering as
contributing to the β-field. Below we will argue this point
in more details.
Consider a polarized gluon target. Using the notation
of Eq. (22) we separate the target gluon field into the Aµ0
incoming/outgoing plane wave and the order-g t-channel
gluon field aµ. By its definition, the β-field is
β ≡ f12 = ∂1a2 − ∂2a1 − ig [A10, A20]. (A40)
The aµ field is illustrated in middle panel of the top row
of Fig. 3: it can be straightforwardly identified as the
field responsible for the t-channel gluon exchange in the
gg → gg and qg → qg scattering considered above in this
Appendix.
To identify the remaining −ig [A10, A20] term in
Eq. (A40), we first consider Eq. (26) re-written as
∂µf
µν =aν − ig ∂µ[Aµ0 , Aν0 ]
= ig [A0,µ, ∂
µAν0 ]− ig [A0,µ, ∂νAµ0 ], (A41)
and note that only the first term in the second line of
Eq. (A41) gives a helicity-dependent contribution. In-
deed, the second term contains A0,µ . . . A
µ
0 , leading to a
scalar product of the two polarization vectors contained
in A0 fields: such a scalar product cannot give us the he-
licity dependence ∼ ΛδΛΛ′ that we need (cf. Eq. (A2c)).
We then compare Eq. (A41) to Eq. (25), re-written as
(neglecting the order-g2 term)
aν = 2ig [A0,µ, ∂
µAν0 ]− ig [A0,µ, ∂νAµ0 ], (A42)
where, again, only the first term on the right is helicity-
dependent, and is twice larger than the first term in the
second line of Eq. (A41). We conclude that the effect of
the −ig ∂µ[Aµ0 , Aν0 ] term in the first line of Eq. (A41) is to
reduce aν in half (as long as helicity-dependent contri-
bution is concerned). More specifically, concentrating on
helicity-dependent terms only, and noticing that in Feyn-
man gauge only transverse components of Aµ0 contribute
due to the high-energy approximation for the polariza-
tion vector, we put ν = 2 in Eq. (A41) and re-write it
as
∂1β = a
2 − ig ∂1[A10, A20] = ig [A0,i, ∂iA20], (A43)
while Eq. (A42) becomes
a2 = 2ig [A0,i, ∂
iA20] = 2 ∂1β, (A44)
where i = 1, 2. We arrive at
−ig [A10, A20] = −β, (A45)
such that Eq. (A43) can be cast as
β = 2β − β. (A46)
This means, the ratio of the t-channel helicity-dependent
contribution due to aµ to the remaining contributions
coming from −ig [A10, A20] is 2 : (−1). Above we saw that
Mgg→ggt : (Mgg→ggs+u +Mgg→gg4 ) = 2 : (−1) andMqg→qgt :
Mqg→qgs+u = 2 : (−1). We, therefore, identify the contribu-
tions of the s-, u-channel and 4-gluon vertex diagrams in
the gg → gg scattering with g fabcA1,b0 A2,c0 ⊂ fa,12 = βa
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and the s- and u-channel diagrams in the qg → qg scat-
tering with −ig [A10, A20] ⊂ f12 = β. Diagrammatically
this identification is illustrated by the left pair of arrows
in Fig. 2.
To further illustrate how the s- and u-channel dia-
grams, with two vertices coupling to two A0 fields at
different space-time locations as shown in lines two and
four of Fig. 2, can contribute to a local operator like
g fabcA1,b0 (x)A
2,c
0 (x) in β
a, let us consider the s-channel
diagram for gg → gg. As explicitly calculated above, the
1/s factor arising from the propagator of the s-channel
diagram is canceled by the same factor in the numerator,
resulting in the s-independent expression (A8). Since
the propagator is thus canceled, the two vertices cou-
pling to A0 fields are now at the same location. The
same argument can be applied to the u-channel diagram
for gg → gg. Another way of saying this is that the
helicity-dependent parts of the s- and u-channel diagrams
in gg → gg scattering have the same s- and u-dependence
as the 4-gluon vertex diagram (all of them are constant).
The four-gluon vertex is explicitly local, resulting in the
two A0 fields being at the same location for the s-, u-
and 4-gluon channels.
The same argument can be applied to the s- and u-
channel diagrams in the qg → qg scattering, resulting
on both A0 fields being probed locally. Alternatively,
consider the s-channel diagram for qg → qg evaluated in
Eq. (A26) (see also the second row of Fig. 2). In order
to produce a sub-eikonal contribution, one has to pick
from the propagator’s numerator the term γ−p+ ⊂ /p+/q.
Replacing p+ → ∂− one can rewrite Eq. (A26) in the
following form:
ims ∝
∫ ∞
−∞
dx−
∫ x−
−∞
dy−Ai0(x
−, x)
∂
∂y−
Aj0(y
−, x)
→
∫ ∞
−∞
dx−Ai0(x
−, x)Aj0(x
−, x), (A47)
where i, j = 1, 2. This is an explicitly local operator. Fi-
nally, the link to f12 in particular is explicit when consid-
ering the helicity trick Eq. (A2c) which will pick the con-
tribution ǫ⊥µν [A
µ
0A
ν
0 ](x) ⊂ f12(x). Alternatively, adding
the u-channel qg → qg diagram to Eq. (A47) would con-
vert Ai0(x)A
j
0(x)→ [Ai0(x), Aj0(x)] ⊂ f12(x).
We have thus shown that, for a gluon target, the sum
of scattering diagrams in all channels, as shown in Fig. 2,
is accounted for by a single local operator F a12(x) (for the
helicity-dependent sub-eikonal contribution only).
For the quark target the analogous conclusion is easy
to obtain: since there is no A0-field in the quark tar-
get, only the t-channel gluon exchange, as illustrated in
the top left panel of Fig. 3, contributes to the β-field.
However, for the case of the quark target we have the
ψ0 field (see Eq. (77)), which is the incoming/outgoing
plane-wave analogue of A0. The contribution of this field
to the polarized Wilson lines (61) and (62) and to the
corresponding diagrams shown in Fig. 2 is analyzed sep-
arately in Appendix B.
Appendix B: Treatment of the ψ0 and ψ¯0 fields
The goal of this Appendix is to analyze the s- and
u-channel diagram contributions to the quark field ψ-
dependent parts of the polarized Wilson lines (61) and
(62) applied to scattering on a polarized quark target
(with the t-channel contributions discussed in detail in
the main text). We argue that the s- and u-channel di-
agrams result in the bilinear local quark operator shown
in Figs. 2 (right-most diagrams in lines two and four)
and 3 (right-most diagram in the lower line). They are
accounted for in the helicity-extended MV model con-
structed in this work by the modification of the weight
functional for the gluon probe scattering on the target
quark, as done in Eq. (106).
1. Operator analysis
The solution of the equation of motion (75) for ψ can
we written as (cf. Eq. (77))
ψ = ψ0 + /∆jψ, (B1)
with ψ0 the solution of the homogeneous equation and jψ
defined in Eq. (76). The plane-wave field ψ0 of the incom-
ing/outgoing (anti-)quarks will contribute to the polar-
ized Wilson lines (61) and (62) through the ψ-dependent
terms in those operators. Since the incoming (ψ0) and
outgoing (ψ¯0) fields have to be in the same nucleon in the
nucleus, it is natural to expect that the two fields have to
be at the same space-time position, similar to the gluon
field A0 in Appendix A. This is indeed the case: we note
that both Eqs. (61) and (62) contain the following oper-
ator, which we can simplify as
p+1
∞∫
−∞
dx−1
∞∫
x−
1
dx−2 ψ¯
i
0(x
−
2 , x)γ
+γ5ψj0(x
−
1 , x)
= i
∞∫
−∞
dx−1
∞∫
x−
1
dx−2 ψ¯
i
0(x
−
2 , x)γ
+γ5∂+ψj0(x
−
1 , x)
= i
∞∫
−∞
dx ψ¯i0(x
−, x)γ+γ5ψj0(x
−, x), (B2)
obtaining a local operator with fundamental color indices
i, j. The contribution of the local operator (B2) to the
polarized Wilson lines is shown in lines two and four of
Fig. 2, where the right set of arrows illustrates the sep-
aration of the ψ-dependent parts of these operators into
the local and non-local terms. (The latter couple to the
/∆jψ part of the field ψ.)
In arriving at Eq. (B2) we have neglected the non-
trivial contributions of the Wilson lines in the ψ-
dependent terms in Eqs. (61) and (62) connecting points
x−1 and x
−
2 , since such interaction is negligible inside a
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single nucleon. In general, to derive the interaction with
the quark target coming from these ψ-dependent terms,
one has to substitute the decompositions (22) and (77)
into the ψ-dependent parts of Eqs. (61) and (62), take
jψ = −g /A0ψ0 such that /∆jψ is order-g, and expand the
resulting operators to order-g4, while keeping in mind
that the source is a single quark in a nucleon. Since,
in Feynman gauge, only transverse components of the
Aµ0 field contribute, the regular Wilson lines in the ψ-
dependent terms of (61) and (62) will only couple to
a+ = α. In the end one will be left with two terms, a
Dirac bilinear in ψ0 shown in Eq. (B2) (and accompanied
by one power of a+ = α), and a Dirac bilinear in /∆jψ,
whose expectation value can be found using the weight
functional (104). (In addition, one has to note that the
flavor-singlet contribution is proportional to V polx +V
pol †
x ,
instead of just V polx from Eq. (61): this means only cut
diagrams contribute [28].) The results of this operator
expansion can also be reproduced diagrammatically while
employing the fact that s- and u-channel 2→ 2 scattering
diagrams where quark and gluon interchange their roles
as the projectile and target, that is, s- and u-channels
for qg ↔ gq, are sub-sub-eikonal and can be neglected in
our sub-eikonal calculation.
At the diagrammatic level, the result (B2) corresponds
to the interaction of the probe with quark target through
the s- and/or u-channel diagrams, with the former shown
in lines two and four of Fig. 2. These diagrams indeed
are helicity-dependent and sub-eikonal, and can also be
recast from a bi-local operator in ψ0 to the local oper-
ator (B2), following the same steps as shown above (cf.
Eq. (A47) and the discussion around it).
Note that the color indices in Eq. (B2) are not con-
tracted, and can be projected onto the color-singlet and
color-octet states. Below we will show that, for the flavor-
singlet observables considered in this work, the color-
singlet projection of (B2) vanishes, leaving only the color-
octet one, that is, an axial current operator
ψ¯0γ
+γ5taψ0 =
1
g
[
ja+ − ja−
]
=
1
g
〈2p+〉βa, (B3)
where in the last step we have used Eq. (94) for the β-
field sources by the same quark ψ0. We see that it is
natural to absorb the contribution of the local operator in
Eq. (B2) into the β-field. One possibility is to “move” the
local part (B3) of the operator bilinear in ψ in Eqs. (61)
and (62) to W (RP )pol,g. Alternatively, and we follow this
approach in the main text, one can account for the term
(B3) my modifying the weight functional, but, as we will
show below, only for the gluon probe scattering on the
quark target (see Eq. (106)). This underlines a novel
property of sub-eikonal and helicity-dependent fields in
the helicity-dependent MV model: they are described by
a probe-dependent weight functional.
2. Diagrams
As mentioned before, in this Appendix it is understood
that the target is a polarized quark. We will now analyze
the s- and u-channel diagrams for gq → gq and q/q¯+q →
q/q¯+q in the flavor-singlet channel, with the aim to assess
the contribution of the operator (B2).
a. Gluon probe. Employing parity (or, equivalently,
projectile–target duality), it is easy to recover that the
helicity-dependent sum of the s- and u-channel diagrams
is
Mgq→gqs+u ⊃ −ig2λδλλ′ΣδΣΣ′ ×
(
teA1 ⊗ teF2
)
. (B4)
To obtain Eq. (B4) one can simply use Eq. (A37) and
notice that the contribution of the s- and u-channels is
(-1/2) of the t-channel, as we observed above for the
helicity-dependent part. Indeed, the sum of Eq. (B4)
with Eq. (A37) is (modulo an interchange of the color
generators)
Mgq→gqs+u+t =Mqg→qg = 12Mgq→gqt , (B5)
where the Mqg→qg is given by Eq. (A31) while Mgq→gqt
is given by Eq. (A37). We see that adding the s- and u-
channels reduces the contribution (A37) of the polarized
quark target to the β-field by a factor of 2. Note that this
conclusion is made for the gluon projectile. Therefore,
for gq → gq scattering, we can take into account the
contributions of the s- and u-channels either by replacing
β → 12β (B6)
in Eq. (62) (with F a12 = β
a) or, equivalently, by rescaling
β → 2β (B7)
in the Gq weight functional W(0)Gq in Eq. (106).
b. Quark and anti-quark probes. Since we are only
interested in the flavor-singlet case, one has to sum the
contributions of the quark and anti-quark scattering on
the polarized quark probe. For a fixed configuration of
the target nucleus, the flavor content in the target is
fixed. To be specific, let us denote by f the flavor of
the target quark that we scatter on in a nucleon. The
s-channel (resp. u-channel) diagram exists only when
the flavor of the probe is f¯ (resp. f). This is to be
contrasted with the t-channel diagrams presented in Ap-
pendix A, which exist for all flavors of the probe. In order
to obtain the helicity-dependent contribution from the s-
channel diagrams, one can use the Fierz transformation
and pick the axial-vector contribution,
v¯σ(q)γ
µuΣ(p)× u¯Σ′(p− k)γµvσ′(q + k) =
1
2
1
2 v¯σ(q)γ
µγ5vσ′ (q + k)× u¯Σ′γµγ5uΣ(p) + · · · , (B8)
where the ellipsis indicates either further energy-
suppressed or helicity-independent contributions. This
approach yields the color-stripped amplitude
ims ⊃ ig2σδσσ′ΣδΣΣ′ × (−1). (B9)
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Similar calculation for the color-stripped u-channel dia-
gram gives
imu ⊃ ig2σδσσ′ΣδΣΣ′ × (+1). (B10)
The relative sign between the contributions in Eqs. (B9)
and (B10) can be understood as coming from the defi-
nition (71b), the high-energy limit where u ∼ −s, and
the sign change in the amplitude under the interchange
of two fermions.
Let us recast associated color tensor in term of t-
channel irreps. Using the completeness relation, the s-
channel color tensor decomposes into
=
CF
Nc
− 1
Nc
(B11)
and the u-channel tensor into
=
CF
Nc
+
1
Nc
. (B12)
This is new compared to the gq → gq case: in addition
to the color-octet channel both the s- and u-channel dia-
grams contain a color-singlet contribution, albeit valued
in different vector-spaces, namely in F¯ ⊗ F → F¯ ⊗ F for
the s channel and in F ⊗ F → F ⊗ F for the u channel.
It is now straightforward to see that the expectation
value of the local part of the operator 〈[ψ¯i0γ+γ5ψj0](x)〉
(see Eq. (B2)), in the flavor-singlet case, vanishes: the
color-octet terms in Eqs. (B11) and (B12) are zero due
to the color algebra alone, while the color-singlet terms
in (B11) and (B12) cancel each other due to the sign
difference in Eqs. (B9) and (B10). (In calculating flavor-
singlet observables one has to add the contributions of the
quark and anti-quark projectile scattering on the same
target, ∼
[
V polx + V
pol †
x
]
, [28].)
Next consider the flavor-singlet correlation function∑
f 〈V polx + V pol †x 〉, concentrating on the contribution of
the local operator (B2). Expanding in the powers of α,
and employing the fact that that 〈[ψ¯i0γ+γ5ψj0](x)〉 = 0,
we get∑
f
〈V polx + V pol †x 〉 ⊃ (B13)
∑
f
〈
Vx[+∞, x−][ψ¯0γ+γ5ψ0](x)Vx[x−,−∞]
+V †x [+∞, x−][ψ¯0γ+γ5ψ0](x)V †x [x−,−∞]
〉
= O(α2).
(We suppress the color factors and indices for simplicity.)
We see that the operator (B13) is zero at the order-g4,
which is the order at which we are interested in an in-
teraction with a single nucleon in the quasi-classical ap-
proximation at hand. Diagrammatically the cancellation
can be pictured as follows (the thin vertical (red) line
indicates the final state cut),
+ = 0. (B14)
This cancellation only occurs in the flavor-singlet case,
and is a consequence of the relative sign between a)
Eqs. (B9) and (B10), b) the color-octet contribution in
Eqs. (B11) and (B12), and c) the sign difference in the
coupling of the gluon to the quark and the anti-quark
to the right of the cut. We conclude that the s- and
u-channel diagrams do not contribute to the q/q¯ + q →
q/q¯+ q scattering in the flavor-singlet channel, and need
not to be included into our formalism.
It is worth mentioning that in the flavor non-singlet
case the cancellation (B14) no longer applies, since one
would need to subtract rather than add the qq → qq and
q¯q → q¯q contributions [28]. We expect that, similar to
the s- and u-channel diagrams in gq → gq case considered
above, the resulting contribution can be absorbed into
the β-field, or into the corresponding weight functional.
The β-field would then be flavor-dependent, since the s-
and u-channel diagrams may not exist for every probe of
a given flavor scattering on a particular target. Further
investigation of the flavor non-singlet channel, beyond
the large-Nc limit studied in [24], is left for future work.
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